arXiv:1501.04620vl [math.GR] 17 Jan 2015 


Holomorph of generalized Bol loops*^ 


J. O. Adenfran 
Department of Mathematics, 
Federal University of Agriculture, 
Abeokuta 110101, Nigeria. 
ekenedilichineke@yahoo.com 
adenir ano j @ unaab. edu. ng 


T. G. Jaiyeola ^ 
Department of Mathematics, 
Obafemi Awolowo University, 
He Ife 220005, Nigeria. 
jaiyeolatemitope@yahoo.com 
tjayeola@oauife.edu.ng 


K. A. idowu 

Department of Mathematics, 
Federal University of Agriculture, 
Abeokuta 110101, Nigeria. 
idowuka@hotmail.com 


On the 50^^^ Anniversary of Obafemi Awolowo University 


Abstract 

The notion of the holomorph of a generalized Bol loop and generalized flexible-Bol 
loop are characterized. With the aid of two self-mappings on the holomorph of a loop, 
it is shown that: the loop is a generalized Bol loop if and only if its holomorph is a gen¬ 
eralized Bol loop; the loop is a generalized flexible-Bol loop if and only if its holomorph 
is a generalized flexible-Bol loop. Furthermore, elements of the Bryant Schneider group 
of a generalized Bol loop are characterized in terms of pseudo-automorphism, and the 
automorphisms gotten are used to build the holomorph of the generalized Bol loop. 


1 Introduction 

The birth of Bol loops can be traced back to Gerrit Bol [9j in 1937 when he established 
the relationship between Bol loops and Monfang loops, the latter which was discovered by 
Rnth Monfang [26]. Thereafter, a theory of Bol loops evolved throngh the Ph.D. thesis of 
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Robinson [30] in 1964 where he stndied the algebraic properties of Bol loops, Monfang loops 
and Bruck loops, isotopy of Bol loop and some other notions on Bol loops. Some later resnlts 
on Bol loops and Bruck loops can be found in [U [5], [HI [U HOl E], [13], [33l [3l] and [3^ 

In the 1980s, the study and construction of hnite Bol loops caught the attention of many 
researchers among whom are Burn [T3l 1141IT5] . Solarin and Sharma [3^ 001 01] and others 
like Chein and Goodaire [171 0H1 09], Foguel at. ah [2^, Kinyon and Phillips [HU EH] in 
the present millennium. One of the most important results in the theory of Bol loops is the 
solution of the open problem on the existence of a simple Bol loop which was hnally laid to 
rest by Nagy [HT] [28109]. 

In 1978, Sharma and Sabinin [35] |36] introduced and studied the algebraic properties of 
the notion of half-Bol loops(left B-loops). Thereafter, Adeniran [2], Adeniran and Akinleye 
[1] , Adeniran and Solarin [6] studied the algebraic properties of generalized Bol loops. Also, 
Ajmal [7] introduced and studied the algebraic properties of generalized Bol loops and their 
relationship with M-loops (cf. identity (1^ ). 

Interestingly, Adeniran [3], [ID], [12], [21], [23], [301131] are devoted to study the holo- 
morphs of Bol loops, conjugacy closed loops, inverse property loops, A-loops, extra loops, 
weak inverse property loops and Bruck loops. 

The Bryant-Schneider group of a loop was introduced by Robinson [32], based on the 
motivation of [16]. Since the advent of the Bryant-Schneider group, some studies by Adeniran 
m and Chiboka [20] have been done on it relative to CC-loops and extra loops. 

The objectives of this present work are to study the structure of the holomorph of a 
generalized Bol loop and generalized flexible Bol loop, and also to characterize elements of 
the Bryant-Schneider group of a generalized Bol loop (generalized flexible Bol loop) and use 
this elements to build the holomorph of a generalized Bol loop (generalized flexible Bol loop). 


2 Preliminaries 

Let L be a non-empty set. Dehne a binary operation (■) on L : If a; • y G L for all x,y ^ L, 
(L, •) is called a groupoid. If the equations: 

a ■ X = b and y ■ a = b 

have unique solutions for x and y respectively, then (L, •) is called a quasigroup. For each 
X E L, the elements x^ = xJp G L and x^ = xJ\ G L such that xx^ = and x^x = are 
called the right and left inverse elements of x respectively. Here, E L and E L satisfy 
the relations xe^ = x and e^x = x for all a; G L and are respectively called the right and left 
identity elements. Now, if = e G L, then e is called the identity element and (L, •) is 

called a loop. In case x^ = x^, then, we simply write x^ = x^ = x~^ = xJ and refer to x~^ 
as the inverse of x. 

Let X be an arbitrarily hxed element in a loop {G, •). For any y E G, the left and right 
translation maps of x G G, and Rx are respectively dehned by 

yLx = X ■ y and yRx = y ■ x 
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A loop (L, •) is called a (right) Bol loop if it satisfies the identity 

{xy ■ z)y = x{yz ■ y) (1) 

A loop (L, •) is called a left Bol loop if it satishes the identity 

y{z ■ yx) = {y ■ zy)x (2) 

A loop (L, •) is called a Monfang loop if it satishes the identity 

{xy) ■ {zx) = (x • yz)x (3) 

A loop (L, •) is called a right inverse property loop (RIPL) if (L, •) satishes right inverse 
property (RIP) 

{yx)xP = y (4) 

A loop (L, •) is called a left inverse property loop (LIPL) if (L, •) satishes left inverse property 
(LIP) 

x^{xy) = y (5) 

A loop (L, •) is called an antomorphic inverse property loop (AIPL) if (L, •) satishes anto- 
morphic inverse property (AIP) 

{xy)-^ = x-^y-^ ( 6 ) 

A loop (L, •) in which the mapping x x^ is a permntation, is called a Brnck loop if it 
is both a Bol loop and either AIPL or obeys the identity xy'^ ■ x = {yx)'^. (Robinson [30] ) 
Let (L, •) be a loop with a single valned self-map a : x —)■ a{x): 

{L, ■) is called a generalized (right) Bol loop or right B-loop if it satishes the identity 

{xy ■ z)a{y) = x{yz ■ a{y)) (7) 

(L, •) is called a generalized left Bol loop or left B-loop if it satishes the identity 

a{y){z ■ yx) = {a{y) ■ zy)x (8) 

(L, •) is called an M-loop if it satishes the identity 

{xy) ■ {za{x)) = (x • yz)a{x) (9) 

Let {G, ■) be a gronpoid(qnasigronp, loop) and let A, B and C be three bijective mappings, 
that map G onto G. The triple a = (A, B, C) is called an antotopism of (G, •) if and only if 

xA ■ yB = (x • y)C 'i x,y & G. 

Snch triples form a gronp AUT{G, ■) called the antotopism gronp of {G, •). 

li A = B = G, then A is called an automorphism of the groupoid(quasigroup, loop) 
{G, •). Such bijections form a group AUM{G, ■) called the automorphism group of (G, •). 
The right nucleus of {L, ■) is dehned by Np{L, ■) = {x E L \ zy ■ x = z ■ yx y y, z E L}. 
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Definition 2.1 Let (Q,-) be a loop and A{Q) < AUM{Q,-) be a group of automorphisms 
of the loop (Q, ■). Let H = A{Q) x Q. Define o on H as 

(a, x) O (/5, g) = (a/3, x(3 ■ y) for all (a, x), (/3, y) e H. 

iH,o) is a loop and is called the A-holomorph of (Q, •). 


The left and right translations maps of an element (a, x) & H are respectively denoted by 
^(a,x) snd 

Remark 2.1 (H,o) has a subloop {/} x Q that is isomorphic to (Q,-)- As observed in 
Lemma 6.1 of Robinson JWf . given a loop (Q, •) with an A-holomorph (H, o), (H, o) is a Bol 
loop if and only if (Q, •) is a 9-generalized Bol loop for all 6 G A(Q). Also in Theorem 6.1 of 
Robinson fSW, it was shown that (H, o) is a Bol loop if and only if (Q, ■) is a Bol loop and 
x-^ ■ x9 e Np(Q, •) for all 9 G A(Q). 


Definition 2.2 Let (Q, •) be a loop with a single valued self-map a and let (H, o) be the A- 
holomorph of (Q, •) with single valued self-map o'. (Q, •) is called a a-flexible loop (a-flexible) 

if 

xy ■ a(x5) = x ■ ya(xS) for all x,y E Q and some 6 G A(Q). 
iH,o) is called a a'-flexible loop (a'-flexible) if 

(a, x)(j3, y) o a'(a, x) = (a, x) o (fl, y)a'(a, x) for all (a, x), (fl, y) G H. 


If a loop is both a a-generalised Bol loop and a a-flexible loop, then it is called a a-generalised 
flexible-Bol loop. 


If in this triple (A,B,C) G AUT(G, ■), B = C = AR^, then A is called a psendo- 
antomorphism of a qnasigronp (G, •) with companion c E G. Snch bijections form a gronp 
PS(G, •) called the psendo-antomorphism gronp of (G, •). 

Definition 2.3 (Robinson fSBf) 

Let (G, •) be a loop with symmetric group SYM(G). A mapping 9 E SYM(G) is called 
a special map for G if there exist f,gEGso that (9R/f^, 9Lf^, 9) E AUT(G, •). 

Theorem 2.1 (Robinson fMf) 

Let (G, •) be a loop with symmetric group SYM(G). The set of all special maps in (G, •) 
i.e. 

BS(G,-) = {9 E SYM(G,-) : 3f,gEG 3 (9R-\9Lf\9) E AUT(G,-)} 
is a subgroup of SYM(G) and is called the Bryant-Schneider group of the loop (G, •). 


Some existing resnlts on generalized Bol loops and generalized Monfang loops are high¬ 
lighted below. 
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Theorem 2.2 (Adeniran and Akinleye m 
If (L, •) is a generalized Bol loop, then: 

1. (L, •) is a RIPL. 

2. for all x E L. 

d- Ry-cr[y) ^y^cr{y) V ^ 

4- [xy ■ cr(x)]“^ = {a{x))~^y~^ ■ x~^ for all x,y E L. 

5. (yPy — l , IjyRQ-(^yP , (yPy , Ly Rq-(^ y^ Rfy^y'^^ G AU T (^L, f^'^ V ^ ' 

Theorem 2.3 (Sharma and Sabinin JE^) 

If (L, •) is a half Bol loop, then: 

1. (L, •) is a LIPL. 

2. x^ = x^ for all x E L. 

^{x)^{cr{x)) -h(^a{x)x) for all X E L. 

4- (cr^x) ■ yx)~^ = x~^ ■ y~^{a{x))~^ for all x,y E L. 

5' {^R[x)L(^cj{x)) 1 L(x)~^ 1 h-i{^a{x))) 1 {^R{(t(x))L(x)~^ 1 Lcj{x) 1 L(x)~^') ^ AUT(^L,-') for all x E L. 

Theorem 2.4 (Ajmal 

Let (L, •) be a loop. The following statements are eguivalent: 

1. (L, •) is a M-loop; 

2. (L, •) is both a left B-loop and a right B-loop; 

3. (L, •) is a right B-loop and satisfies the LIP; 

4- {L, •) is a left B-loop and satisfies the RIP. 

Theorem 2.5 (Ajmal flU) 

Every isotope of a right B-loop with the LIP is a right B-loop. 

Example 2.1 Let P be a ring of all 2 x 2 matrices taken over the field of three elements 
and let G = P X P. For all {u, f),{v,g) E G, define {u, f) ■ {v, g) = {u -\- v, f -\- g uv^). 
Then {G, •) is a loop which is not a right Bol loop but which is a a-generalized Bol loop with 
a : a: t—)■ . 

We introduce the notions defined below for the first time. 
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Definition 2.4 (Twin Special Mappings) 

Let (G, •) be a loop and let a,j3 & SYM{G) such that a = 'i(Rx,f3 = 'i)Ry, for some 
x,y E G and t) G SYM{G). Then a and jd are called twin special maps (twins), a (or fd) is 
called a twin map (twin) of jd (or a) or simply a twin map. 

Let (Q, •) be a loop. Define 

TBSi{Q, •) = {a G SYM{Q) \ a is any twin map}, 

Ti(Q, •) = Ti(Q) = {^ G SYMiQ) \ a = ^(Rx e TBSi{Q, ■), x E Q, : e ^ e}, 
TBS2{Q, ■) = {aE BS{Q, •) | a G TBSi{Q, •)}, 

T 2 {Q, •) = T 2 {Q) = {'i(E SYM{Q) \a = ijRxE TBS 2 {Q, ■), xeQ, : e ^ e} and 
TsiQ, •) = T^iQ) = {ip E T 2 {Q) I a~^ ~ for any twin maps a, (d E SYM{Q)}. 

Define a relation ~ on SYM{Q) as a ~ /3 if there exists x E Q snch that a~^ = Rx(d~^. 

The following resnlts will be of jndicions nse to prove onr main resnlts. 

Lemma 2.1 (Bruck IWf ) 

{H, o) is a RIPL if and only if {Q, •) is a RIPL. 

Lemma 2.2 (Adeniran f^) 

{Q, •) is a a-generalised Bol loop if and only if LxRa{x), Ra{x)) ^ AUT{Q, •) for all 
X E Q. 

Lemma 2.3 (Bruck 07]/ ) 

Let (Q, •) he a RIPL. If {U, D, W) E AUT{Q, ■), then (VL, JVJ, U) E AUT{Q, •). 

3 Main Results 

Theorem 3.1 Let (Q, •) be a loop with a self-map a and let {II,o) be the A-holomorph 
of (Q,-) with a self-map a' such that a' : {a,x) i—)■ {a,a{x)) for all {a,x) E 
H. The A-holomorph {H, o) of {Q, •) is a a'-generalised Bol loop if and only if 

LxR[o-(x'y-i)]a-^, -R[o-(x 7 -i)]a-i j ^ AUT{Q, •) for all X E Q and all a, 7 G A{Q). 

Proof Define a' : H ^ H as a'{a,x) = {a,a{x)). Let {a,x), {fd,y), {■j, z) E 
H, then by Lemma 12.11 and Lemma 12.21 (i7, o) is a a'-generalised Bol loop if and 
only if L(Q,_ 3 ;)Ro-/(Q_a,),Ro-/(Q^a,)) G AUT{H,o) for all {a,x) E H if and only if 

(R(q,^ 2 ,) —1 , ]L(q,^2,)R(q,^0-(3,)) , R(q,^0-(3;)) ) G AUTi^HjO'j \ 

(/^5° ( 7 ) ^)^(«,x)®-(a,cr(a:)) [(/^)//) ° ( 7 ) ^)]®-(o,o-(a:)) (-^ 0 ) 

^ [(/5, y) o («, o [((a, x) O ( 7 , z)) O (a, a(x))] = [(/3, y) o ( 7 , z)] o {a, a{x)) (11) 

Let (/5, y) o (a, = (r, t). Since (a, = (q;“\ then 

(r, t) = {Pa-\ {yx-^)a-^) (12) 
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From ffT^ . 


(r, t) o [( 07 , xj- z)o {a, a(x))] = (/? 7 , yj ■ z) o {a, a{x)) 

■v^ ^ra 7 Q!, {ta'ya) ((x 7 ■ z)a ■ a{x)'j'^ = {yj ■ z)a ■ cr(x)) 

Putting ffT^ into flT^ . we have 


(^I 3 a ^aja,{yx ^)a ^{a^a){{x'y ■ z)a ■ a{x))^ = {^( 5 ^a,{y'^ ■ z)a ■ a{xy) 

^/ 37 «, {yx~^)^a\{x^ ■ z)a ■ a‘(a;)] j = [ 13 ja, {yj ■ z)a ■ o'(x)) 

■v^ {yx~^)ja ■ [(x7 • z)a ■ cr(a:)] = (2/7 • z)a ■ a{x) 

^ [{yx~^h ■ [{.^1 ■ z) ■ {,(y{x)a~^)]]a = [(2/7 • z) ■ {a{x)a~^)]a 
^ (l/7^"S)[(a^7 • z) ■ ((7(x)a”^)] = (7/7 • z){a{x)a~^) 


Let y = yj, then ffT^ becomes 

{y ■ x"S)[(^7 • z){a{x)a~^)] = [y ■ z){a{x)a~^) 

X'-y 

and replacing xj by x, [R~^, L^R[a{x-f-i)]a--L, R[a{x'f--L)]a--^ ) e AUT{Q, •). | 


(13) 

(14) 


(15) 

(16) 

(17) 

(18) 
(19) 


( 20 ) 

( 21 ) 

( 22 ) 


Corollary 3.1 Let (Q,-) be a loop with a self-map a and let (77, o) be the A-holomorph 
of (Q,-) with a self-map a' such that a' : {a,x) 1 — )■ {a,a{x)) for all {a,x) G 77. (77, o) 

is a a'-generalised Bol loop if and only if {Q, •) is a -generalised Bol loop for any 

«,7 e 71(g). 


Proof From Theorem 13.11 (77, o) is a cr'-generalised Bol loop if and only if 

(Rf^, LxR[a(x'r-^)]a-^, Rlaix'r-^)]a-^^ ^ AUT{Q,-) ^77^^ La;77cr''(a:), 7?f^''(a:) j ^ AUT{Q,-) 

where a" = q;“^(T 7 “^, for all x G g and all a ,7 G v4(g). It is equivalent to the fact that 
(g, •) is a (T"-generalised Bol loop. | 

Theorem 3.2 Let {Q, •) be a loop with a self-map a and let (77, o) be the holomorph of {Q, •) 
with a self-map a' such that a' : (a, x) i—)■ {a,aa^{x)) for all (a,x) G 77. Then, {Q, •) is a 
(j-generalised Bol loop if and only if (77, o) is a a'-generalised Bol loop. 


Proof The proof of this follows from the proof of Theorem 13.11 


Theorem 3.3 Let {Q, ■) be a loop with a self-map a and let (77, o) be the holomorph of 
(g, •) with a self-map a' such that a' : (q;,x) i— )■ {a,a{x)) for all {a,x) G 77. Then, 
for any 7 G ^(g), (Q,-) *■5 ® -generalised flexible-Bol loop if and only if (77, o) is a 

a'-generalised flexible-Bol loop. 
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Proof 


i^x y LxRa{x), Ra{x)) = {Rx, ^a{x) ^ ^a{x)) 

^x ^a{x) ~ {LxRa(x)) ^ Ra{x)Lx — LxRa(x) ( 24 ) 

xy ■ a{x) = X ■ y<j{x) (25) 


Let (a,x), {/3,y), ( 7 ,- 2 ) G iL, then by Lemma [ 2 ?T] and Lemma [221 {H,o) is a cr'-generalised 
Bol loop if and only if I^(a, 3 ;)®o-'(a,x), lRcr'(a,a:)) ^ AUT{H, o) for all (a, x) G H. Thus, 

following fl25]) to ([25D, 


ha,x)’ 


T'(a,x)) I^cr'(a,a;)) > ^(a,a;)®o-'(a,x) ’ ^o-'(a,a:)) 

(o, x){/3, y) O a'(a, x) = (a, x) o (/?, y)a\a, x) 
(a, x)(/3, y) o (a, ax) = (a, x) o (/?, y)(a, cxx) 

(o/So, (x/5 • y)a ■ ct(x)) = (o/da, x/3a • (ya • cr(x))) 

<;=> (x/3a • ya)a(x) = x/3a • (ya • cr(x)) 

■v^ {x^~^aj3a ■ |/)a(x7“^a) = X'y~^af3a ■ {jj ■ a{x^' ■'«)) 

{xf^^aPa ■ y)aa'y^^{x] — xy^^aPa ■ (y ■ aay^^{x)) 
{xy)aa'y^^[{x{aPa)^^yj — x • {y ■ {(^x{aPa)^^yj 

{xy)(jay^^{xp) — x • {y ■ aay^^{x5) 


(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 


where 3 — (aPa)~^y € A(Q). So, by (12711 to (I 34 II . [H, o) is o'-flexible if and only if (Q, ■) is 
crao“bfiexible. 

Now, following (I2ti[l (id, o) is a o'-generalised Bol loop if and only if 


(ltf(a,a,), lb(„ 

» (/3.y)K(a,.)0 (7.7)L 


— 1 'W$~^ 

a'(a,x)'’ cr'{a,x) 

A xMl! f = 

(a,a:) a'{a,x) 


) e AUT(Q, ■) 

^ |(/3, y) o (T, 7)]K7„,r) 


(35) 

(36) 


Let ( 7 , = (p, u) in (|36|l . then ( 7 , z) = (a/io, xiia{ua ■ o'(x))) ^ 7 = a/io and 

= xfia{ua ■ a(x)). Consequently, 


fi = a~^'ya~^ and u = = ((xa"^ 7 )\z) (a(x))"^ 

Also, if [(/3,y) O ( 7 , = {f3-f,yj ■ = {r,v) in ([36]), then 

S( 2 / 7 -z)a"^ • ((a(x))"^)a"^) 


a 


-1 


(37) 


T, a — 


(38) 







Substituting fn7|) and (1551) into fl55]l . we get 


(/3, y) o (a, a;)] o u) = (t, v) ^ {/3afi, {ya ■ x)y ■ u) = (r, v) 
■v^ , {ya ■ x)a~^ja~^ ■ ^[(xa“^7)\2;](cr(a;))“^jQ!“^j 

= (2/7 • z)a-^ ■ a"^(((T(a;))"^)) 

\{ya- x)a~^j ■ (^[(a;a"^7)\2;](o-(x))“^ j |a“^ = {yj ■ z){a{x))~^ 
<t 7 {ya ■ x)a~^-f ■ (^[(xa"^7)\2;]((T(x))"^ j = (2/7 • z){a{x)) 

^ {yj ■ xa"S) ■ ([(a;«"S)\^](t^(a^))"^) = ( 2/7 • z){a{x)) 

77 yRx ■ zL^ R[a{x'y-la)] ^ (y^)^[a{x'y-^a)] 

-1 D-1 


a 


-1 


-1 


-1 


77 ( ^x, ^5;^-^[cr(x7-la)]’ ^[f7(x7-la)] ) ^ AUT{Q,-) 


(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(45) 

(46) 

to 


where y = yj and x = xa“^ 7 . Based on (154)) and the reverse of the procedure from 
(1551) . (145)) is true if and only if {Q, •) is a (TQ; 7 “Bgeneralised Bol loop. 

{Q, •) is a (TQ! 7 “^-generalised flexible-Bol loop if and only if {H, o) is a a'-generalised 
flexible-Bol loop. | 


Theorem 3.4 Let {Q, •) be a loop with a self-map a and let {H, o) be the holomorph of {Q, •) 
with a self-map a' such that a' : (a,x) {a, a'ja~^{x)) for all {a,x) G H. Then, for any 

7 G A{Q), {Q, •) is a a-generalised flexible-Bol loop if and only if {H, o) is a a'-generalised 
flexible-Bol loop. 


Proof The proof of this follows in the sense of Theorem 13.31 


Theorem 3.5 Let (Q, •) be a generalised Bol loop. If a mapping a G BS{Q,-) such that 
a = fjRx where fj : e ^ e, then tf is a unigue pseudo-automorphism with companion 
xg~^ ■ a{x) for some g ^ Q and for all x E Q. 

Proof If a G BS{Q,-), then {aR~^,aLj^,a) G AUT{Q,-) for some f,g G Q. So, 
applying Lemma 12.31 {a, JaLj^J,aRg-i) G AUT{Q,-) for some f,g G Q. Since, 
{Rx-i,LxRa{x),Ra{x)) ^ AUT{Q,-) for all x G Q, then 

{a,JaLj J,aRg—fl{R,,, ,LxR(j(x)iRa{x)) i.AI') 

{aRx-i, JaLf^JLxRa(x),oiRg-iR„(^x)) ^ AUT{Q,-) (48) 

Let 9 = JaLf^ JLxRa[x)- Then, (145)) becomes 

uaRx-i ■ v9 = {u ■ v)aRg-iRa{x) (49) 

for all u,v E Q. If a = ifRx, then aR~^ = fj. Thus, 9 = JfjRxLf^ JLxRa(x) and (I49|) 
becomes 

uif ■ v9 = {u ■ v)fjRxRg-iRcT{x} (50) 
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Let ti = e in dH]), then we have e'ljj ■ v9 = {e ■ v)^RxRg-rRtj{x) 



(51) 


for all X e Q cind some g E Q. Since {Q, •) is a generalised Bol loop, RxRg-iRa{x) = Rxg-^-a{x)- 
Hence, 


{xj)^'ijjRxg ^■cr{x))^^xg ^■cr{x)') ^ -AUT(^Q,-'j. 


(52) 


for all X G Q ^md some g E Q. Thus, "0 is a pseudo-automorphism with a companion 
X5r“^a(x). 

Let 'tpiRxi = 4’2 Rx2 where : e i—)■ e and Xi,X 2 E Q. Then, Rx^R~l = So, 

eRx^Rxl = thus, xix^^ = e. Hence xi = X 2 , so '0i = 'ip 2 - And this implies that for 

all X E Q, there exists a unique -0 such that a = i/jRx- 

Therefore, a = ifjRx if and only if 'ip E PS{Q, ■) with companion xg~^ ■ cr(x) for some g E Q 
and all x E Q. | 

Corollary 3.2 Let (Q, •) he a a-generalised Bol loop with a : x i—)■ {xg~^)~^ for all x E Q 
and some g E Q. If a mapping a E BS{Q, •) such that a = ^pRx where fj ■. e e, then 
fj E AUM{Q, •) is unigue. 

Proof Using (152]), {'lp,1pRxg-r„(x),fjRxg-ra{x)) = {i’,fjRxg-r{xg-^)-l,'lpRxg-r(xg-^)-^) = 
{fj , fj , Ip) E AUT{Q, •). Thus, ^p is an automorphism of Q. | 

Theorem 3.6 Let {Q, •) be a a-generalised Bol loop in which cr(x“^) = ((t(x))“^ and xy ■ 
a{x) = X ■ ya{x) for all x,y E Q. If a mapping a E BS{Q, •) such that a = 'ipRf^ where 
Ip \ e ^ e, then fj is a unigue pseudo-automorphism with companion x~^g~^ ■ ( ct ( x ))“^ for 
some g E Q and for all x E Q. 

Proof Lemma 12.11 and Lemma 12.21 (Q, •) is a generalised Bol loop if and only if 
{Rx-i, LxRa{x), Rct{x)) £ AUT{Q,-) for all x E Q. Since xy ■ a{x) = x ■ ya{x), then 



Lemma 12.31 Now, the product 



(53) 

(54) 


for all X G Q some g, f E Q. Substituting a = ipRx ^ into fl5T|) . we have 
{'ip,JipRf^Lj^JLf^R(^„(^x))-i,'f>Rf^Rf^R{a{x))-^) E AUT{Q,-) 


(55) 
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for all X G Q and some g ^ Q. Now, for all y, z ^ Q 

yi) ■ (56) 

Putting y = e in (l56ll . we have 

J^Rx^Lj^JL~^R{a{x))-^ = i^R~^Rg^R(aix))-^ (57) 

for all X G Q and some g E Q. Thus, using fl57)) in fl56l) . 

{'ll), ^R-^R-^R(^(^^))-i , i)R-^R-^R^^^^))-i) G AUT{Q, •) (58) 

for all X G Q and some g E Q. 

Since (Q, •) is a generalised Bol loop, 

Rx — l Rg—l R(^cr{x))~^ Rx~^g~^-{a(x))~^ ■ 

Hence, 

(^1p, tpRx — ^g—^■(cr{x))~^ y ^4^Rx~^g~^■{cr{x))~^) G AJJT{(^^-'). (59) 

The proof the uniqueness of ip is similar to that in Theorem 13.51 Therefore, ip \s a. unique 
pseudo-automorphism of (Q, •) with companion x~^g~^ ■ (cr(x))“^. | 

Corollary 3.3 Let (Q,-) he a a-generalised Bol loop and an AIPL in which (t(x“^) = 
((t(x))“^ and xy ■ cr(x) = x • ya{x) for all x,y E Q where a ■. x ^ {.xg)~^ for all x E Q 
and some g E Q. If a mapping a E BS{Q, •) such that a = pjRf^ where tp : e \-E- e, then 
^p G AUM{Q, ■) is unique. 

Proof Using fl59l) . 

{fP ) 4^Rx~^g~^ ■ {cr{x))~^ ) 4^Rx~^g~^ ■(cr(x))~^ ) y 4^Rx~^g~^ ■{(xg)~^)~^ y 4^Rx~^g~^.{{xg)~^)~R) 

= {tP,iP,4’)EAUT{Q,-). 

Thus, tp is an automorphism of Q. | 

Lemma 3.1 Let (Q, •) he a a-generalised Bol loop. Then 

1. ~ is an equivalence relation over SYM(Q). 

2. For any a, fl E SYM{Q), a ^ pi if and only if a, ft E TBSi{Q, •). 

3. TBS,{Q,.)= y H. 

[a]e5VM(Q)/~ 

Proof 1. Let ct,j3.,'y E SYM{CPf With x = e, o. ^ = R^o. ^ and so o ~ o. Thus, ~ 
is reflexive. Let a jl, then there exists x E Q such that a~^ = Rxp^~^ /3~^ = 
Rx-ia~^ (5 ^ a. Thus, ~ is symmetric. Let a ~ /3 and /3 ~ 7 , then there exist 
x,y E Q such that a~^ = Rx/3~^ and /3“^ = Ry'y~^ = RxRy'j~^- Choose 

y = cr(x), so that a~^ = RxRa{x)l~^ = Rxu{x)l~^ 0 ^ 7 . ~ is an equivalence 

relation over SYM{Q). 
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2. Let a,j 3 E SYM{Q). Let a ^ [ 3 , then there exists y E Q such that a ^ = Ryl 3 

Take y = xa{x), then a~^ = = RxRa(x)l3~^ aR^ = l3R„(^^)-i. Say, 

aRx = l3R^(^x)-^ = i’: then a = i^Rx-^ and (3 = 'iIjR^^^x)- So, a, (3 E TBSi{Q, •). 

Let a, (3 E TBSi{Q, •). Then there exist x,y E Q, E SYM{Q) such that a = '^Rx 
and 13 = ijjRy. This implies -0 = aR~^ = (3Ry^ = Rx-iRy/3~^. Take y = a{x~^), 

then a-^ = Rx-iRa{x-^)l3~^ = Rx-ia(x-^)l^~^ ^ a ^ (3. 

3. Use 1. and 2. | 

Lemma 3.2 Let (Q, •) he a loop. Then 

1 . TBSi{Q, •) < SYM{Q) if and only if a~^ ~ / 3 “^ for any twin maps a,/3 E SYM{Q). 
Renee, Ti{Q,-) < SYM{Q). 

2. TBS 2 {Q, ■) < BS{Q, ■) if and only if a~^ ~ /3~^ for any twin maps a,(3 E SYM{Q). 
Hence, T^iQ,-) < PS{Q,-). 

Proof 1. TBSi{Q, •) ^ 0 because / = IRe and = J-^Re and so, /, G TBSi{Q, ■). 
Let oi, 02 G TBSi{Q, •) and let fji, tl )2 E SYM{Q). Then, there exist xi,yi, X 2 , y 2 G Q, 

'^i,'02 G SYM{Q) and (3i,f32 E SYM{Q) such that cti = I3i = 'ipiRy.^ and 

02 = i’ 2 Rx 2 : P 2 = i^ 2 Ry 2 - So, = ipiRx^Rf^'ipf^■ Now, e TBSi{Q,-) 

OiO;^^ = ijjRx and [3if3f^ = fjRy for some x,y E Q and fj G SYM{Q). Taking 
fj = and X = X 2 , then ctio:^^ = -ipiijjf^Rx fjiRx^Rf^'f’f^ = 'lpl^lJf^Rx ^ 

tlj2Rxi = Rxfj 2 Rx 2 ^ ^2-Rxi = RxCi2 ^ fj 2 Ry 2 = RxCi2 with Xi = y2 ^ (32 = RxCi2 ^ 

~ 1^2^- Thus, TBSi{Q, •) < SYM{Q) if and only if ~ j3f^. 

Assuming that TBSi{Q, ■) < SYM{Q), then Ti{Q,-) ^ 0 because / G Ti{Q,-). As 
earlier shown, oio:^^ = 'ifiipf^Rx for any il)i,'ip 2 G Ti{Q,-) and 01 , 0:2 ^ TBSi{Q, ■). 
So, Ti(Q,-) < SYM{Q). 

2 . TBS2{Q,-) 7^ 0 because TBSi{Q,-) 7^ 0 and BS{Q,-) 7^ 0 . For any 01,02 G 
TBS2{Q,-), oio^^ G BS{Q,-). So, oio^^ G TBS2{Q,-) ^ E TBSi{Q,-) ^ 

02-1 ~ I 3 f \ TBS 2 {Q, •) < BS{Q, •) o^"' ~ f 3 f\ 

Assuming that TBS2{Q,-) < BS{Q,-), then T2{Q,-) 7^ 0 because / G T2{Q,-). Let 
fj E T2{Q, •), then there exists o G BS{Q, •), and o = ijjRx E TBS2{Q, •) for some x G 
Q. Recall that o G BS{Q, •) implies there exist f,g E Q such that (oi?“^,oLj\o) G 
AUT{Q,-). Taking g = x and / = e, {aR~^,aLf^,a) = {fjRxRf^,'ipRxLf^,' iIjRx) = 
(^, fjRx, fjRx) e AUT{Q, •) ^ o G PS{Q, •)• Thus, T2{Q, •) C PS{Q, ■). 

Let '0i,t/’2 £ T2{Q,-), then there exist 01,02 G TBS2{Q, ■) such that Oi = fjiRxi and 
02 = '02-Rx2- III fact, 01,02 G TBSi{Q, ■) and so, following 1., oio^^ = -ipiiljf^Ry E 
TBSi{Q,-) for some y E Q. This implies that oio^^ = -ipiiljf^Ry E TBS 2 {Q,-) for 
some y E Q and so E T 2 {Q, •). Thus, T 2 {Q, •) < PS{Q, •). | 
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In what follows, in a loop {Q, •) with A-holomorph [H, o) where H = A{Q) x Q, we shall 
replace A{Q) by T 3 {Q) whenever T 3 {Q) < AUM{Q, •) and then call {H, o) a Ta-holomorph 

of (g,-). 

Corollary 3.4 Let {Q, •) be a loop with a self-map a : x ^ for all x & Q 

and some g E Q and let {H, o) be the T^-holomorph of (Q, •) with a self-map a' such that 
a' : (a,x) (a, for all {a,x) G H. Then, {H,o) is a a'-generalised Bol loop if 

(g, •) is a a~^a'y~^-generalised Bol loop for any a,'y E T^. 

Proof This is proved with Lemma 13.21 Corollary 13.11 and Corollary 13.21 | 

Corollary 3.5 Let (Q,-) be a loop with a self-map a : x i—)■ {xg~^)~^ for all x E Q 

and some g E Q and let {H, o) be the T^-holomorph of {Q, •) with a self-map a' such that 

a' : {a,x) i—)■ [Q; 7 (x)(Q;( 5 r))“^] for all (a,x) E H and any 7 E T 3 . If (Q,-) is a 

a-generalised Bol loop, then {H, o) is a a'-generalised Bol loop. 

Proof This is proved with Lemma 13.21 Theorem 13.21 and Corollary 13.21 | 

Corollary 3.6 Let (Q,-) be a loop with a self-map a : x 1 —)■ {xg~^)~^ for all x E Q 

and some g E Q and let {H, o) be the T^-holomorph of {Q, •) with a self-map a' such that 

a' : {a,x) 1 —)■ (a, (xg'“^)“^) for all (a,x) E H. If for any 7 E T^, (Q,-) is a aa^~^- 

generalised flexible-Bol loop, then {H, o) is a a'-generalised flexible-Bol loop. 


Proof This is proved with Lemma 13.21 Theorem 13.31 and Corollary 13.21 | 


Corollary 3.7 Let (Q,-) be a loop with a self-map a : x 1 — )■ {xg ^ for all x E Q 
and some g E Q and let {H, o) be the T^-holomorph of {Q, •) with a self-map a' such that 

a' : (a,x) 1 — )■ [( 7 Q!“^(x)) 5 f“^] for all (a,x) E H and any 7 E T 3 . If (Q,-) is a 

a-generalised flexible-Bol loop, then {H, o) is a a'-generalised flexible-Bol loop. 


Proof This is proved with Lemma [3.21 Theorem 13.41 and Corollary 13.21 
Remark 3.1 In Corollary\3.4\ 15’. 51 \3.6l \3? 


the holomorph of a loop is built on the group 


of automorphisms gotten via the group of twin mappings. 
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